We clarify the role of approximate S-duality in effective supergravity theories that are the low energy limits of string theories, and show how this partial symmetry may be used to constrain effective lagrangians for gaugino condensation.
Introduction
It has long been understood that abelian gauge fields can be coupled to scalar fields in such a way that the equations of motion are invariant under a group of "duality" transformations [1] that interchange the gauge field strength F µν with its dualF µν , provided the (noncanonical) kinetic energy term of the scalar field(s) [hereafter referred to as the dilaton(s)] that couple to the gauge fields satisfies certain constraints. This is an automatic feature of ungauged extended supergravity theories [2] . A special example of this class of models is the dilaton plus Yang-Mills sector of effective N = 1 supergravity theories obtained from superstrings in the limit where the gauge and Yukawa couplings are set to zero. In this case the group of duality transformations is SL(2, R), which has as a discrete subgroup SL(2, Z) that includes the transformation S → 1/S, often referred to as S-duality. This is analogous to the modular group, known to be exact to all orders of string perturbation theory [3] , which contains a subgroup SL(2, Z) that includes the transformation T → 1/T , where T is a modulus chiral supermultiplet. The vev of its scalar component t determines the radius of compactification. In models from orbifold compactification, this discrete symmetry is generally a subgroup of a classical continuous symmetry that contains SL(2, R) as a subgroup. Such symmetries are anomalous at the quantum level of the effective field theory since, for example, in supergravity they entail chiral transformations on fermions. In the case of modular invariance counterterms [4, 5] must be added to the effective field theory so as to restore the discrete modular symmetry.
It has been conjectured [6] that a similar situation might hold with respect to S-duality. Since the vev of the complex scalar field s that is the scalar member of the dilaton supermultiplet S determines the gauge coupling constant: s = g −2 − iθ/8π 2 , this corresponds to strong/weak coupling duality. Recently there has been considerable interest in S-duality from both the string [7, 8] and field [7, 9, 10] theory points of view. In particular, it has been shown that the SL(2, Z) subgroup of SL(2, R) that is generated by the elements θ → θ+2π and 4πs → 1/4πs relates different string theories [8] , and also that certain theories are S-duality invariant [9] under transformations involving both elementary fields and nonperturbative solutions.
In this paper we restrict our attention to effective field theories of the type that have been obtained explicitly in orbifold compactifications. In these theories S-duality, which we define hereafter as the SL(2, R) group of duality transformations among elementary fields, is a symmetry of the equations of motion only of the dilaton-gauge-gravity sector in the limit of vanishing gauge couplings -that is, the limit in which the gauge group reduces to U (1) n , where n is the total number of gauge degrees of freedom. Since the effective superpotential [11, 12] that parameterizes gaugino condensation is induced by the nonabelian self-couplings of Yang-Mills fields and by their gauge couplings to chiral supermultiplets, this term must explicitly break duality. Nevertheless, approximate S-duality may be a useful tool in parameterizing additional quantum effects that arise from the couplings of the Yang-Mills sector to the gravity and dilaton sectors. In Section 2 we show how the dilaton couplings in the chiral multiplet formulation are related to the general formulation [1] of duality invariance for interacting vector fields, and use this formulation to obtain the duality transformation law for the composite chiral multiplet that is interpreted as the lightest bound state of a confined Yang-Mills sector. In section 3 we give examples of how this transformation property may be used to constrain effective potentials in the chiral formulation. We will consider both the chiral multiplet and the linear multiplet formulations for the dilaton superfield.
Duality transformations
We first recall the relevant elements of the general formalism constructed in [1] for a noncompact group G ⊂ Sp(2n, R) of duality transformations on n vector field strengths F . The scalars are valued in the coset space G/K, where K ⊂ U(n) is the maximal compact subgroup of G, and they can be represented by a group element g:
that is restricted to the special form:
Under G the vector field strengths and scalar fields, respectively, transform as
3)
T is a noncompact generator of G/K, and k = k(g 0 , P ) is an element of K with field-dependent parameters chosen so as to preserve the off-diagonal form of lng. The symmetry of P implies φ † 0 = φ 0 , φ
The lagrangian describing these bose degrees of freedom, is
where Q µ and P µ are the parts in the Lie algebra of K and of G/K, respectively, of the the element g −1 ∂ µ g = Q µ + P µ of the Lie algebra of G. The equations of motion derived from the lagrangian (2.4) are invariant under the 1 The normalization of the vector kinetic term here differs by a factor two from that in [1] , where it was chosen to coincide with the canonical one in the limit Z → 0.
transformations (2.3), although the action is not. 2 Couplings to other fields ψ i are determined by their transformation properties under K; the equations of motion of the following lagrangian are invariant under (2.3) with ψ i → k i (g 0 , P )ψ i , where k i represents K on the multiplet of fields ψ i : 5) where the α ij are constants, and the dots represent possible G-invariant operators of higher dimension, as well as operators constructed from the field strength F µν , an arbitrary antisymmetric tensor H µν (ψ), and their duals [1] .
Here we are interested in the simplest realization of the above construction, namely G = SL(2, R), K = U(1). Then the n × n matrices φ i , T, V, Z, P and f are proportional to the unit matrix. The dilaton s from superstring theory is identified as
Expressing φ i in terms of s we obtain:
Inserting (2.6) and (2.7) in (2.4), we recover the standard lagrangian for the string dilaton with Kähler potential K(S,S) = − ln(S +S). In addition we have
The action of SL(2, R) on s takes the usual form
This corresponds in (2.3) to
A Weyl fermion ψ n of U(1) charge n transforms as 11) and its SL(2, R) invariant kinetic energy is given by
where we have defined f n,β = η n (s +s) β ψ n ; under SL(2, R):
In a supersymmetric theory the transformation property (2.9) of s applies to the dilaton chiral supermultiplet S(θ) = s + θχ S + · · ·:
This effects a Kähler transformation:
from which one can derive the transformation properties of the component fields of S; in particular
Thus we can identify
,1 ) given in (2.12) coincides with the kinetic energy term for χ S in the standard supergravity lagrangian [13, 14] .
The other fermion fields that couple to the dilaton are the gauginos λ with kinetic energy term:
Comparing (2.17) with (2.12), the (canonically normalized) fieldλ
, with its transformation law given by (2.13) as:
This immediately gives the transformation law for the gauge field strength supermultiplet W α , where α is a Dirac index:
Having established the transformation laws for the superfields S and W α , and using the invariance under SL(2, R) of the supervielbein, one can directly check that the supergravity equations of motion [14] are invariant under SL(2, R) when the the theory is limited to this set of fields. In this case they reduce to:
where b is a Lorentz index,
, and the superfields R and G b describe the supergravity multiplet; they are related to the curvature superfield by:
Using the Bianchi identity:
it is straightforward to show that these equations are invariant under the SL(2, R) transformations defined by (2.14) and (2.19). It follows from the latter that the composite superfield
used in effective supergravity lagrangians for gaugino condensation transforms as
As shown in [15] , since the Kähler weight of the chiral superfield W α differs from that of an ordinary chiral superfield such as S, the composite field U, in the context of supergravity, is related to an ordinary chiral field H by:
where K is the full Kähler potential; classically:
where Z represents chiral multiplets other than the dilaton. Since under (2.14) (S +S) → |icS + d| −2 (S +S), we obtain the transformation property
We emphasize that, although the equations of motions (2.20) make no explicit reference to the nonabelian nature of the gauge field strength, they are duality invariant 3 only in the abelian case [16] . This is because the covariant spinorial derivatives (or, in the case of nonsupersymmetric theories, the covariant derivatives) have an implicit dependence on the gauge potential. Furthermore, even in the abelian case duality is broken if gauge couplings to matter are introduced, since this also involves the gauge potential explicitly. Finally, S-duality is broken by the presence of a superpotential W (Z) through the appearance of the noninvariant factor e K(s,s) in the corresponding scalar potential and Yukawa couplings. Finally we note that while the equations of motion (2.20) are SL(2, R) invariant, the Yang-Mills superfield lagrangian [14] is not 4 :
(2.27) This result will have implications for attempts to impose approximate SL(2, R) invariance on effective lagrangians for gaugino condensation, to be discussed in the next section.
Gaugino condensation A. Chiral multiplet formulation
The superpotential for gaugino condensation was first derived by Veneziano and Yankielowicz [11] in the context of a supersymmetric renormalizable Yang-Mills theory, by imposing the correct chiral and conformal anomalies. Their result was extended to include the dilaton by Taylor [12] . In the superfield formulation [14] of supergravity this leads to the potential term [15] , expressed in terms of the chiral multiplet H introduced in (2.24), of the form
with b 0 the group theory constant that determines the appropriate β-function. L C and L Q are usually interpreted as the classical and quantum contributions, respectively, to the effective potential for gaugino condensation. As anticipated in the introduction, L Q is not SL(2, R) invariant. However, neither is L C , since, by construction, it has the same transformation property as (2.27). In the general formulation [1] of duality transformations, couplings of the dilaton(s) to matter entail duality invariance of the corresponding terms in the lagrangian, as opposed to their couplings to gauge fields, which are only an invariance of the equations of motion. This mismatch may be traced to the fact that we used the Bianchi identity (2.21) to obtain the invariance of the equations of motion for the underlying theory expressed in terms of the Yang-Mills field strength W α . The identification (2.22), together with the constraint
implies a constraint on the superfield H that is not satisfied for an ordinary superfield. This suggests a possible inconsistency in all chiral multiplet formulations of gaugino condensation [11, 12, 15, 17, 18] , especially those treatments [19] à la Nambu-Jona-Lasinio in which the use of a Lagrange multiplier imposes the operator identity U = W α W α . We will return to this point in section 3.B below.
In this paper we consider a toy model with a single modulus superfield T , and set gauge nonsinglet matter fields to zero. These simplifications do not affect the generality of our results. In [15] we showed that the (continuous) modular invariance of the classical supergravity theories requires that the Kähler potential depend on the composite field H only through the invariant |H| 2 /(T +T ), and we adopted the no-scale form
The effective theory constructed by combining (3.3) with (3.1) was subsequently modified [17, 18] by including an additional T -dependence through the Dedekind function η(T ) in such a way as to restore invariance under the discrete modular group. Although this modification was regarded as a parameterization of threshold corrections [4] that arise from integrating out heavy string modes in some orbifold compactifications, none of the above models is truly consistent with string theory, since they do not incorporate the Green-Schwarz counterterm [5] that cancels part (or in many cases all [20] ) of the modular anomaly that arises from perturbative field theory quantum corrections. The effect of the Green-Schwarz term is to modify the Kähler potential by ln(S +S) → ln(S +S − bG), G = −3 ln(T +T ), (3.4) where b = 2b 0 /3, and b 0 = .56 is the constant that determines the E 8 β-function. This modification spoils the no-scale feature of the Kähler potential and generally leads to an unbounded potential. In this section we consider a prototype model in which the hidden gauge group is E 8 , in which case the anomaly is completely cancelled by the GreenSchwarz term, and furthermore there is no ambiguity in constructing an effective composite potential. That is, since the modular transformation laws are now, with α, β, γ, δ ∋ R, αδ − βγ = 1:
the structure (3.1), which can be understood [21] as arising from coupling constant renormalization, coincides with the requirements of modular invariance. We study the effective lagrangian for the composite superfield H under the assumptions that modular invariance is exact to all orders, and that Sduality, as defined by (2.14) and (2. ; we therefore adopt the Kähler potential:
The rationale is as follows. Modular invariance requires K = G + k(L, Q).
In the limit g 2 → 0, i.e., σ → ∞, (3.6) is S-duality invariant and reduces to the form (3.3). By matching string one-loop calculations with field theory ones, it was shown in [22] that at the string scale the Kähler potential is precisely (3.6) with b 1 = b 2 = H = 0; the modular invariant scalar field
is twice the squared gauge coupling constant at that scale [22, 23] . However, we are interested in the effective theory at the condensation scale; one possibility is that we should replace everywhere the string scale coupling constant by the running coupling constant evaluated at the condensation scale, which would correspond to b 1 = b 2 = b. In this case the theory is of the no-scale form, and the potential is positive semi-definite. For the superpotential we take the most general form consistent with modular invariance of string perturbation theory:
(3.8) 5 We use reduced Planck mass units: 8πG N = 1/m 2 P l = 1, and throughout this subsection we use upper case letters for chiral scalar superfields and lower case for the corresponding complex scalars.
that is, we take W 0 (S, H) to be modular invariant but allow for a constant term that breaks modular invariance, that might arise [24] from a classical nonperturbative effect such as the vev of the three-form H ℓmn of ten dimensional supergravity. In the standard formulation [11, 12, 15, 17, 21, 18] 
However, as noted above this is not invariant under S-duality in the limit g 2 → 0 (σ → ∞). If we adopt the point of view that S-duality should be recovered in this limit, we require
Such a superpotential could be interpreted as arising from purely nonperturbative effects, with, for b 2 = b, the Yang-Mills wave function renormalization encoded in the Kähler potential, rather than the superpotential -in contrast to (3.1). A similar reinterpretation was used in [18] to recover a positive semi-definite no-scale potential in the presence of η(T )-dependent terms. We have studied the potential for three choices of b 1 , b 2 in (3.6) that we enumerate below. An interesting question that we address is whether or not it is possible to generate a bounded potential (more precisely, one with vanishing vacuum energy) with supersymmetry breaking without the introduction of a constant c in the superpotential. The Kähler potentials we consider are by no means the most general. For example, one-loop corrections [25] induce a term:
where Λ is the effective cut-off, that we take here to be a constant, and N G is the number of gauge degrees of freedom. Since this term arises only from couplings of the gauge sector to the dilaton sector it is S-duality invariant, and would by itself generate a kinetic term for the composite field H; making the replacement W α W α → U, the classical Kähler potential is modified as
where the O(h 2 ) terms include the substitution S +S → L −1 when exact modular invariance is imposed. Similar higher dimensional operators arise [26] from string corrections even at the classical level; it remains to be seen whether or not such a Kähler potential allows for a viable effective potential for the composite multiplet. Since the models we consider possess a continuous modular symmetry, the vev t , that fixes the radius of compactification, is undetermined. This degeneracy of the vacuum could be lifted by quantum corrections in the effective field theory and/or by string corrections such as η(T )-dependent threshold corrections.
This corresponds to using only the string coupling constant in the Kähler potential. We considered a parameterization of the superpotential F (y) = n a n y n . The requirement that the potential be positive semi-definite constrains the values of n: n > .4238 or n < −4.74 (and thus c = 0). We studied the potential as a function of ℓ for F (y) = y n , for various values of .424 ≤ n ≤ 2 and of x = (m ′ ) 1 3 q with 0 ≤ x < 1, as required by positivity of the scalar metric. We found that, if the potential is bounded, the global minimum is always at y = V = W = 0, so supersymmetry is unbroken if the potential is bounded.
This incorporates the Yang-Mills wave function renormalization at the condensation scale into the Kähler potential for H, but leaves the dilaton Kähler potential unmodified from its form at the string scale. A self-consistent physical interpretation requires strong coupling: g It turns out that that positivity of the kinetic energy together with the condition ℓ c > ℓ requires ℓ c ≤ 7.8. Moreover, if we start in a region of parameter space where both the potential and the eigenvalues of the Kähler metric are positive, the potential goes to +∞ as we approach the limiting value of ℓ c , which therefore cannot be reached. Alternatively, the potential is negative for positive eigenvalues of the Kähler metric, and goes to −∞ in the limit. We conclude that this parameterization is inconsistent with condensation if the potential is bounded from below.
III. No scale case:
This corresponds to replacing the string coupling constant everywhere by the running coupling constant evaluated at the condensation scale, and results in a potential that is automatically positive semi-definite, because it satisfies the general criterion [18] for a no-scale potential. In this case the potential is minimized for W 0 = 0, c = W , so there is no supersymmetry breaking if c = 0. If we take F (y) = αy n ln(y/µ), we obtain < W 0 >= 0 for y = 0 or y = µ. The interesting case is the latter one (y = 0), for which the positivity constraints on the scalar metric are satisfied provided
Assuming α, µ ∼ 1, and ℓ = g 2 /2 = 1/4, the gravitino squared mass is given 14) and the compactification radius is
where α c = ℓ c /2π is the fine structure constant at the condensation scale; consistency requires α c /4π ≥ O(1).
A pertinent question is whether the use of S-duality constraints brings any qualitatively new features to the problem of gaugino condensation. We have not found a satisfactory supersymmetry breaking potential without introducing a constant c, which is the same as the situation without S-duality. A similar result was found in [10] where a different definition of S-duality was used. Moreover, if we take M ′ → 1 in (3.6) we find positivity constraints similar to those in III; taking n = 3 in the superpotential of III, we recover the model studied in [15, 21] , except that the Kähler potential has been corrected to include the Green-Schwarz anomaly cancellation counterterm, with the string coupling renormalized at the condensation scale µ (b 1 = b) so as to recover a no-scale effective Lagrangian. Thus the implementation of approximate invariance under S-duality does not seem to qualitatively change the picture of gaugino condensation, at least in the chiral multiplet formulation.
B. Linear multiplet formulation
There is reason to believe that the linear multiplet formulation is the correct one for describing the dilaton supermultiplet from string theory, and, in fact, the Green-Schwarz counterterm is most easily constructed within this framework [5, 27] . While this formalism is dual to the chiral formalism in the tree approximation, it has generally been assumed that this duality may be broken by nonperturbative quantum effects. If this were true, one could interpret the potentials parameterized in the previous subsection in the following way. In the absence of a superpotential, the theory defined by the Kähler potential (3.6) is dual to a theory containing a linear supermultiplet L and the chiral supermultiplets T, H with Kähler potential K = k(L, Q) + G, where k(L, Q) is modular invariant. The Green-Schwarz counterterm appears [27] as a subtraction constant V GS in the integral equation
obtained from integrating the equation of motion for L. One can choose the functions V GS and k such that the Kähler potential (3.6) is recovered in the dual formulation in terms of the chiral supermultiplet S. Within this perspective, one would first perform the duality transformation to cast the theory in terms of a chiral supermultiplet, and then add a potential induced by nonperturbative quantum effects which should vanish in the limit of vanishing gauge coupling constant. This last requirement coincides with the S-duality constraint imposed in Section 3.A. However, recent investigations [28, 29] suggest that chiral/linear multiplet duality may not be broken by nonperturbative effects, and that, in any case, gaugino condensation and the generation of a potential for the dilaton supermultiplet can be implemented directly within the linear supermultiplet formulation [28, 29, 26] . The physical degrees of freedom of the chiral supermultiplet are the dilaton σ and and axion a. In the classical approximation to effective supergravity theories derived from string theory, the axion is dual to a three-form h µνρ that is the curl of a two-form potential b µν . The conventional wisdom has been that duality is preserved in the absence of a potential for the axion. However, it was shown some time ago [30] that interactions for the two-form can be introduced in such a way that the dual theory contains massive scalars. In the remainder of this subsection we will consider what the implications of S-duality may be in the general framework of gaugino condensation as formulated in terms of a linear supermultiplet. We will see that some of the difficulties encountered in the chiral multiplet formulation are avoided.
The only subgroup 6 of SL(2, R) defined by (2.14) and (2.19) that does not mix the dilaton σ with the axion a is the group of scale transformations:
The transformation law for the linear multiplet L can be inferred from (3.16), 6 The symmetries involving the axion reemerge in the linear formalism as two independent gauge transformations of the transverse antisymmetric tensor b µν .
which gives, in the classical limit:
This symmetry is respected by the modified linearity condition [27] DαDα − 8R L + kW α W α = 0, (3.19) where k is a constant, when the Yang-Mills sector is included. In references [29, 26] a vector supermultiplet V was introduced that has among its components the components of a linear supermultiplet L and of a chiral multiplet, 20) that has the same Kähler weight as W α W α , and moreover satisfies the condition:
where Γ ABC is a super three-form gauge potential [31] . Eq. (3.21) is consistent with the constraint (3.2) if we interpret U ∼ W α W α as the condensate chiral multiplet. In contrast to the case discussed in section 3.A, we do not need to introduce a "classical" superpotential for the composite supermultiplet U, because the corresponding term is implicitly included in the kinetic energy term for V just as, in the linear multiplet formalism for the dilaton coupled to YangMills fields, the Yang-Mills lagrangian is implicitly included in the lagrangian for L through the linearity condition (3.19) .
In the case of global supersymmetry [29, 26] the "quantum" superpotential is the same as in (3.1):
If no additional operators are introduced in the lagrangian, the complex scalar field u is a nonpropagating auxiliary field, but a potential is induced for the dilaton supermultiplet. The field u can acquire a kinetic energy term with the introduction of appropriate operators of higher dimension. This construction was extended to the supergravity case in [26] using the formalism of superconformal supergravity, with N=1 Poincaré gauge fixing constraints imposed on the chiral compensator [32] . Here we use the Kähler covariant formulation [14] , where S-duality, as defined by (3.18) , is more transparent. In this case the classical kinetic energy term is just
where α is a constant, and V GS = −bG is the Green-Schwarz counterterm introduced in (3.16). The nonperturbatively induced superpotential term is 24) where the argument of the log, which must be a superfield of Kähler chiral weight w = 0, can be understood [21] in terms of the ratio of the infrared cut-off (U If the kinetic term for the condensate is dominated by field theory quantum corrections and/or string corrections analogous to (3.10) , that arise only from the dilaton/Yang-Mills/gravity sector interactions, then S-duality can be used as a guide to their construction. For example, in the general formalism described in [14] , terms in the locally supersymmetric lagrangian are of the generic form Superfields Φ, φ can be constructed from S-duality invariant forms such as
Terms similar to these were used in [26] to generate effective lagrangians for a dynamical condensate. The restricted class of models studied (which do not include a constant c in the superpotential) do not break supersymmetry at the vacuum.
Conclusions
We have explicated the gauge and dilaton superfield transformations under the SL(2, R) group of duality rotations that includes weak/strong coupling duality, S → 1/S, as a group element. SL(2, R) is a symmetry of the Yang-Mills/dilaton/gravity sector in effective Lagrangians obtained from superstring theory, and we have studied its implications for models with a dynamical condensate. In the linear multiplet formulation for the dilaton, the only remnant of SL(2, R) is a scale transformation that can nevertheless be used to constrain the operators appearing in the lagrangian, and in fact this formulation appears to be the more natural framework for describing a composite superfield condensate. None of the models studied so far have produced a bounded potential with supersymmetry breaking at the vacuum without the introduction of a constant term in the superpotential.
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